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Volatility and order flow

Typical price model :
dP;

Pt = [Ltdt + O'tth.

@ There is obviously a huge literature about price modeling and
volatility modeling.

@ Prices are diffusive and volatility is rough.

@ It means volatility sample paths resemble those of a fractional
Brownian motion with a small value for the Hurst parameter.
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Fractional Brownian motion

The fractional Brownian motion (fBm) with Hurst parameter H is the only
process W' to satisfy :

o Self-similarity : (W) £ at(wh).
e Stationary increments : (W, — WH) £ (Wh).
o Gaussian process with E[W/}] = 0 and E[(W}")?] = 1.

Proposition
For all ¢ > 0, WH is (H — ¢)-Holder a.s.

Mandelbrot-van Ness representation
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Price

A typical price path (LVMH)

900
800
3
£ 700
600
500
N N [N N 1N I 1N I 1N
o o o 25 > > > > o
3 3 SV SV SV SV v v SV
~ ~ S S 4 » » » »

@ Prices are diffusive (H = 1/2).
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Volatility

A typical volatility path (LVMH)
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e Volatility is rough (H =~ 0.1).
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Volatility and order flow

@ Much less is known about order flow and volume, although it is the
main transmission channel of information towards prices.

@ Square root law of market impact.

@ Volume/number of trades and volatility are closely related :

t
thm\:/ o2ds.
0

@ So time series of volume behave as time series of volatilities ?
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Unsigned volume

A typical unsigned volume

sample path (LVMH)
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@ Very close resemblance to volatility sample paths

@ Unsigned volume

behaves as an integrated rough process.
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Unsigned volume

Hurst exponent estimation, average of estimations over 40 stocks
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@ Hurst exponent estimations for the unsigned volume are of order 0.25.
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Vol is rough

The volume puzzle
@ So it seems that Vol(atility) is rough and so Vol(ume) is rough.

@ However there is a large (not so recent) econophysics and
econometrics literature about long memory in trade signs and the use
of fractional Brownian motion with Hy > 1/2 to model volume (J.P.
Bouchaud, F. Lillo...).

@ So let us look at the signed volume and empirical values for Hp.

Mathieu Rosenbaum Volume, volatility and impact 9



Signed order flow

A typical signed order flow sample path (LVMH)
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@ At the visual level, rather smooth fBm like behavior.
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Signed order flow

Estimation of the Hurst parameter, average of estimations over 40 stocks
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@ Hy seems around 0.65 but estimated values depends on frequency...

Mathieu Rosenbaum Volume, volatility and impact 11



Our goal

Understanding five stylized facts
@ Prices are diffusive and volatility is rough

@ Unsigned volume seems to behave as the integral of a rough process,
with H; around 0.25.

@ Signed order flow seems to behave as the smooth fBm process, with
Hp around 0.65.

@ Market impact is close to square root.

@ We want to connect all these stylized facts together.
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Micro model for order flow

Core order flow

@ In practice some participants have long term views, trade long term
signals, follow long term drift, split metaorders... This type of
fundamental trading surely generates a very autocorrelated flow.

o Natural statistical model : F= T are two i.i.d. Hawkes processes with
baseline v and self-exciting kernel ¢/ :

AT =0T +/ og (t —s)dFET.
(0,1)
@ The unsigned and signed flows are respectively :
Frl+ /™, FOT—FT.

@ Usual assumptions :
T T T >
Yo =ap o, 3 _ — 1, aotao/ vo(s)ds — Ko.
¢ t—00

T—+o00
M-
T®(1—ad) — Moo, T T 5 pgést, with dp = Kow'
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Micro model for order flow

Limit theorem for core order flow

Let fti’T = FtiTT and £ be the Mittag-Leffler density. The

process (f—hT,Ft_’T) is tight for the Skorohod topology. Furthermore, if
(F, F) is a limit of (F;"7,F, "), then (F,", F;) satisfies

t t
Fr= / s (¢t — 5) ds + / fo020(t — s)By ds
0 0 ts

V MS)\O

where BT and B~ are two independent Brownian motions. This implies

—=+,T +T =T
Ft

+Fo T s R, BT oF T S R Ff

with the same scaling.
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Micro model for order flow

Limit theorem for core order flow

o Fy = F" 4+ F[ satisfies

Fe=2 / sFOOM(t — ) ds + ——— / feoM(t — s)BE ds.
' 0 \/uo)\o Fi

o Vi = F;” — F; satisfies

Ve =

oo (t — 5)BY. ds.
\/Mo)‘o / Fi
Comments on the theorem

@ For ag < 1/2, F; and V; have Holder regularity 2ag — ¢.

@ So both F; and V; behave like functional of a fBm with Hurst
parameter Hy = 2ay.
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Micro model for order flow

Reaction orders

@ Some participants react to shorter term signals, extracting
information from past orders.

@ It is natural to model the arrival of these orders as Hawkes processes
built upon the fundamental flow dynamics.

@ So we consider two dimensional Hawkes process N*:T with
self-exciting kernel

T T
Y1 P2
= %) 1
vs @i M
with time dependent baseline intensity 7 = (u™7,u™7) given by

+,T
T« dFT, with FT = (Ff_ T> :
F

@ Usual assumptions :

¢T: airgb, ai’- T—) 1, Q(Hgf)HLl) = 1, Oélxal/ )\1(S)ds — Kl.
o0 t

—+ t——+oo
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Micro model for order flow

Reaction orders

Replacing the usual assumption on the Poisson part

@ Usual asymptotic setting would be

T * 1— T
Tal(].—al)_r:_oo)\ o T al,LL T_:)’_OO,U,]_.

@ But there is no 4" here. Usually we need the average number of
jumps of the Poisson baseline on [0, T] of order T1. Here the
number of jumps on this time interval is exactly F;“T + F;’T, which

. T
is of order 1T‘;T. So we assume
0
=
Tv o T
= .
1-—a

@ This is equivalent to

TU(1 - alT) T:roo A, 2a0 = oq.
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Micro model for order flow

Limit theorem for the unsigned volume

Let U] = F/ "+ F, T + NPT + N7 T We have
1—
(1-ag)(t~ )U ~ 2X,, with
TuT " e

1 [t ;
X; = / FOUM(t — 5)F, ds + C/ fordi(t — s)Z, ds,
2 0 2 0

with Z; = Z;" + Z; and Z*,Z~ are two martingales with quadratic
variation X and zero quadratic covariation.

Comments on the theorem
@ Due to scaling, the fundamental part almost vanishes in the limit.
@ The unsigned flow behaves an integrated rough process with Hurst
exponent H; = a1 — 1/2 = Hy — 1/2
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Micro model for order flow

Limit theorem for the signed order flow

Let ST = F "t —F T + NPT — N7 We have

(1—ag)(X—al)\/2 1 + —
( ToT ) sk T 2T A A

Comments on the theorem

@ The natural scaling is now different, both the fundamental part and
the endogenous part play a role in the limit.

@ The total signed flow behaves as :
fBm-like process with Hurst exponent Hy + martingale.

@ This explains the empirical results for the estimation of the Hurst
parameter of the signed flow!!
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Estimating the Hurst parameter of the signed flow

Corrected estimator, estimations over 40 stocks
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Back to price and volatility

From order flow to prices

@ We now have a convincing model for order flow dynamics.

@ Based on no-arbitrage argument, it is explained in previous works how
to derive a propagator based martingale price dynamic from an order
flow model :

t
Pt:/ Gt — s)dVs.
0

@ From this propagator price, we can deduce the power law shape of
market impact and roughness exponent for the volatility.
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Back to price and volatility

Mixed fractional Brownian motion

@ Here our order flow is essentially (at the intermediary scale)
whe + w,.

@ This is the so-called mixed fractional Brownian motion that has been
notably studied by Patrick Cheredito.

@ From Cheredito’s work, we know that for Hy > 3/4, the mixed
fractional Brownian is a semi-martingale.

@ From the semi-martingale decomposition of the mixed fractional
Brownian motion and the analysis of its finite variation part, we can
deduce the shape of our propagator if we know the smoothness of the
finite variation part.

@ This smoothness is 2Hy — 1/2.
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Back to price and volatility

From core order flow to volume, volatility and impact

@ Let Hy be the smoothness of the core order flow. We get the
following preliminary results :

Unsigned order flow as the integral of a rough process with exponent
Hi = Hy — 1/2.

Power law market impact with exponent 2 — 2Hj.

Rough volatility with exponent H = 2Hy — 3/2.

If H=0.05, then Hy = 0.775, H; = 0.275 and impact in 0.45.

For square root law of impact, H =0, Hy = 3/4, H; = 1/4.

Financial markets operate at the edge of criticality.

e 6 6 o6 o
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